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Marcatili’s famous approximate analytical description oflight propagating through rect-
angular dielectric waveguides, published in 1969, gives accurate results for low-index-
contrast waveguides. However, silicon-on-insulator (SOI) technology has become one of
the focus platforms for integrated optics over the last decade, and the silicon waveguides
have a very high-index-contrast. In this paper, we improve Marcatili’s model by adjust-
ing the amplitudes of the components of the electromagneticfields. Our improved method
shows much better agreement with rigorous numerical simulations of SOI waveguides.

Introduction
Silicon photonic integrated circuits (ICs) have gained large interest over the last decade.
Several microelectronic research institutes have tailored CMOS processes to the demands
of photonic ICs, and now offer wafer-scale fabrication [1]. These circuits usually have
220 nm high silicon ridge waveguides on top of a SiO2 isolating layer. The height of
these guides is solely defined by the SOI layer stack providing higher fabrication yield,
and these guides only support TE-like modes which reduces complexity. We recently ex-
tended Marcatili’s approximate analytical approach for the description of light propaga-
tion in rectangular waveguides to the regime of (silicon) high-index-contrast waveguides
[2, 3], and hereby apply this method to the 220 nm high SOI guides. After a general de-
scription of electromagnetic waves in dielectric guides, we make anAnsatzon the form of
these modes, and then lay down the boundary conditions that should be fulfilled. Then we
propose an approximate solution, which is verified with rigorous numerical computation.
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Figure 1: Cross-section of a SOI waveguide. (a) Waveguide definition with Ex component
of the fundamental mode in color. (b) Outline of analytical approximate method.



Electromagnetic modes in silicon dielectric waveguides
Fig. 1 depicts a typical SOI waveguide, whose core has a higher refractive index (n1) than
its surroundings (n2−n4). We consider a monochromatic guided mode propagating in the
waveguide direction (z) with angular frequencyω, propagation constantβ, and electric
field profileEEE(x,y):

E(x,y,z, t) = Re{EEE(x,y)exp[ı(ωt −βz)]} . (1)

The refractive index invariant in the z-direction, allowing the full electromagnetic field to
be expressed in its longitudinal components only [4]:
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whereµ0 andε0 are the permeability and the permittivity of vacuum, andK2
j ≡ n2

j k
2
0−β2,

with free-space propagation constantk0 = ω/c, andc the speed of light in vacuum. All
components satisfy the reduced wave equation, thus [4]
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Ansatz on the shape of the field
We assume that the modal field has most of its energy in the center of the waveguide (such
as in Fig. 1a), and also that the mode is “TE-like” with the majority of the electromag-
netic energy in theEx andHy components. From this we make theAnsatzthatEx(x,y),
andHy(x,y), are proportional to cos[kx(x+ξ)]cos[ky(y+η)], with maximum field in the
center. Outside the core, the fields decay exponentially, while the transversal profile of the
field is identical to that in the core (Figs. 1b and 2a). The outer quadrants are neglected
with the motivation that the fields are small in these regions. Fig. 2b presents theAnsatz
on the full field, expressed in its longitudinal components.We choose to obey Maxwell’s
equations in all regions 1-5, and expressβ, andγ2 - γ5 in terms ofkx andky employing
the wave equation (4)
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All errors of the approximation manifest themselves at the interfaces of the core of the
waveguide. Field amplitudeA1 is employed to normalize the mode to a power flux of
unity, such that the description hasA2 - A10, ξ, η, kx andky, as free parameters (13 in
total).



(a) region 5:
Ex ∝ cos[kx(x+ξ)]exp[−γ5(y−b/2)]

region 2: region 1: region 3:
Ex ∝ exp[γ2(x+d/2)]cos[ky(y+η)] Ex ∝ cos[kx(x+ξ)]cos[ky(y+η)] Ex ∝ exp[−γ3(x−d/2)]cos[ky(y+η)]

region 4:
Ex ∝ cos[kx(x+ξ)]exp[γ4(y+b/2)]

(b) Ez = A9 sin[kx(x+ξ)]exp[−γ5(y−b/2)]
Hz = A10cos[kx(x+ξ)]exp[−γ5(y−b/2)]

Ez = A3 exp[γ2(x+d/2)]cos[ky(y+η)] Ez = A1 sin[kx(x+ξ)]cos[ky(y+η)] Ez = A5 exp[−γ3(x−d/2)]cos[ky(y+η)]
Hz = A4 exp[γ2(x+d/2)]sin[ky(y+η)] Hz = A2 cos[kx(x+ξ)]sin[ky(y+η)] Hz = A6 exp[−γ3(x−d/2)]sin[ky(y+η)]

Ez = A7 sin[kx(x+ξ)]exp[γ4(y+b/2)]
Hz = A8 cos[kx(x+ξ)]exp[γ4(y+b/2)]

Figure 2: (a) Shape of the dominant electromagnetic field componentsEx andHy. (b)
Ansatzdescribing the modal electromagnetic field in terms ofEz andHz.

Boundary conditions
At interfaces of the core of the waveguide, continuity of theelectromagnetic field compo-
nents tangential to these interfaces is required, adding upto 4× 4 = 16 electromagnetic
boundary conditions. With these conditions satisfied, the normal components automati-
cally obey Maxwell’s equations. We solve forky, η, andA2 from boundary conditions on
the horizontal interfaces

tan[kyb] = ky(γ4+ γ5)/(k
2
y − γ4γ5), A2 = A1βky/(ωµ0kx), (8)

while we findkx, ξ, and alsoA2 from the conditions on the vertical interfaces
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It can be seen that the horizontal and the vertical interfaces require a different ratioA2/A1,
i.e. a differentHz/Ez in the core. Thus theAnsatzhas no solutions that exactly obey
the boundary conditions at all interfaces simultaneously.In what follows, the 13 free
parameters are chosen such that the error in the 16 boundary conditions is minimal.

Approximate aproaches
We argue that the dominant boundary conditions for determining ky and η are at the
horizontal interfaces, while the vertical interfaces dominatekx andξ, such that we can
computekx, ky andβ from Eqs. (8), (9) and (5). In Fig. 3 we compare the analyticaland
numerical data and find that the effective index,neff = β/k0, is accurately found within
1%.
Marcatili has developed a widely used analytical approach for low-index-contrast wave-
guides [2]. For propagating modes in these guides,k0n j ≈ β because modes are not
guided otherwise, sokx,ky << k0n j . ChoosingEy = 0 gives a modal field profile that
is continuous on the horizontal interfaces, while it obeys the conditions on the vertical
interfaces when neglecting terms on the order of(kx/k0n j)

2. However, these terms are
sometimes even larger than unity for high-index-contrast guides.
We propose theExtended Ey ≈ 0 methodin which the fields are also continuous at the
horizontal interfaces. At the vertical interfaces,Ex andHz are matched, whileEz and
Hx are not. Ex is a dominant component,Hz is chosen overEz because an infinitely



wide (slab) waveguide hasEz = 0, andHx ∝ sin[kx(x+ ξ)]sin[ky(y+η)] is a weak field
component with high intensity at the corners of the guide.
We also propose theamplitude optimization methodin which the energy density associated
with the discontinuity of the tangential field across the boundaries,Umm, is minimized.
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The line integral runs along the circumference,l = 2(b+d), of the waveguide in the (x,y)-
plane.(EEE+−EEE−) is the discontinuity of the field just outside (+) and inside (-) the core.
ν̂νν is a unit vector orthogonal to the surface used to select the tangential components via
the cross product. At the interface, an average refractive index(n++n−)/2 is assumed.
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Figure 3: Results compared with rigorous mode solver employing the film mode matching
method (FimmWave, Photon Design, Oxford, UK). (a) Effective index. (b) Energy in
the difference field between the approximate methods and therigorously computed field,
normalized to the energy in the rigorously computed field.

Conclusion
An alternative derivation for Marcatili’s method was presented, together with two im-
provements on the modal field. For 400 nm wide SOI waveguides,the error in effective
index is below 1%. The modal fields from MarcatiliEy = 0, Extended Ey ≈ 0 andampli-
tude optimizationmethods show a difference with rigorous calculations of 4.4%, 2.2%,
and 1.8% (in energy), respectively. Marcatili’s method is widely used in education, and
frequently occurs in textbooks. With our work, the development of intuitive analytical
methods now follows the technological developments.
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